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1. INTRODUCTION

In sample surveys, the unknown mean Y of a finite population can
often be estimated more efficiently by using an auxiliary variable X
which is correlated with ¥ and whose mean X is known. One such
estimate is the ratio estimate. Many a time it happens, however, that
the population mean X is not known and in this case the ratio estimate
cannot be used to estimate the unknown population mean Y. The
usual procedure in such a situation is to use what is known as the
technique of double sampling. This paper is concerned with the
extension of -double sampling technique to multi-stage designs and
illustrate the results with reference to data on paddy collected in the
course of crop-cutting experiments conducted in Mansura District of

Egypt.
2. NOTATION AND DOUBLE SAMPLING PROCEDURE

Let

N = tota] number of primary units in the p.opu]‘ation,

M, =the number of secondary units in the i-th primary unit
G=12,..,N)

P;; = the number of tertiary units in the ij-th secondary unit
(=12, ..., M; i=1,2...,N)

Y, = the value of the k-th tertiary unit of the j-th secondary

unit of the i-th primary unit,
Pij

- 1 '
Y,'j_ e I—;{;Z YHI;:

k=1 ’ —
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Further, let X, be the value of the duxiliaxy. variable for the k-th
tertiary unit of the j-th secondary unit of the i-th primary unit. Then
the various qualities X;, X, and X can be defined similarly as above.

When the population mean X’,,__is known, the usual estimator
for estimating the population mean Y is

where Y and X‘ are the sample estimates -of the populations 'means
Y. and X_ respectively.

We shall now consider the case when X_ is not known. In this
case, we propose to use the procedure of double sampling. To estimate
X , we take a random sample of »’ primary units out- of N In the
i-th selected primary unit, we take a random sample of »1," secondary
units out of M;. In the jj-th selected secondary unit, we select a random
sample of p,/ tertiary units of P, Then an unbiased estimator of
the population mean X _is given by ' '

9
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and its variance is given by
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where

where
e 2 = ———Z(HX —X)
S St = _1*“ Z (VHX/«';. - X,i..)z )
- M, —1 2.3)
1
and
) Pij
7 SI i . 1 Z(Xiﬂc XH

Out of #’ primary units, we select a random sub-sample of » units.
Out of the m," secondary units selected in the i-th selected primary unit,
we select a random sub-sample of m, secondary units. Out of the
py, tertiary units selected in the j-th selected secondary unit, we select
a'random sub-sample of p,; units. Then the total number of ultimate
units selected in the sub-sample is )

n my
2 X Py
=1 j=1

» -,'BAo‘th _the characters X and Y are observed on this sub-sample.
Then the estimate proposed for the population mean of the character
Y, using information on the auxiliary variable X, is

P = %X’ S 2.4



- ‘A CONTRIBUTION TO-DOUBLE SAMPLING - - 131

with

il
l

1 3
n ;lzuiy
1

S 1
Yi.. = ﬁ u Yu(p,,)
% =1 Z i

n

1V
X, = y 2 :Vu Xij (aipe
. L -

3. EXPECTATION AND VARJANCE OF Y/

To compute the expectation of ¥, we proceed as follows. Since
Y,, X, and X', are unbiased estimates of the corresponding popu-

Jation means, we assume that Y, =Y + E, X, = X 4+ E, and
X ,=X_ + E, with EE, = EE,= EE,’ =0.

Then
- 17' ,
EY —EXnX" t -
_p .t E) X+ E)
X.. + E)

Expanding, takmg expectatlon and reglecting higher .order terms
it can be shown that

E@)=F,04B8). . (3.1)
where , " :
Cov (Y’n’s_%_/_’n') — Cov (?m A-,n) . V(A_,ln') — V(Xn)

Bl =
(3.2)
Hence the estimate is biased, the relative bias of the estimate
being given by (3.2).
Taking Py, M,.and N.to be very.large so that finite correction
factors ‘can be ignored and further - ]etting m =m', m =m,

pii’ =pl’ Pii =D, S«’.ty = lrzy and S,,,,,_ Swrw lt turns out that



132 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

B, = l__ )(Sb,t _ _Sb.u/
1 n nw/\X.?* X.Y.
Al >(§2_ —wzy>
nm n 'm \X¥.z X.Y.
| 1 Swzz §WW_
+ (g — i) (F5 .57 G:3

It follows that the bias will be zero and hence the estimate un-
bijased if '

¥ T8 5.0 5 3.4)
Using the results of large sample theory, we have
V(T =V T+ R V&) — V(X0
- 2R [Cov (Yﬂ’ Yﬂ) - Cov (I_,’ﬂ’, ‘Y’ﬂl)] (3 N 5)
where
| Y,
=%
Substituting and simplifying, we obtain
s 1 1 ’ 19 . ’
P = (5 = ) (Su + RSy, = 2RS ')
Z ( Syt R2S, — 2RS )

1
EY, 1(1;2 (;’:,7 - M‘I) (Siylz + R2S{m,2—2RS11’my)

nNZmMZ (17:1_——»;

X (S Dy + R-S“-;j“.) _— 2RS‘U.T!I)

N Mi
. u;? ZVg(l—“l”)
TWNLam'M, T \py Py
1 1

X (8%, + R®S%;, — 2RS,;,,)
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If py =py = Py, thatis, there is no sub-sampling at the third
stage:

v = (- — —) (S,,'% + R2S,,'2 — 2RS",.,)

NZ: Uj ( ) (Sw’2 + R2S ,"_7RSluv)

] . . /é aQ 12 ’
n‘NZu‘ (5= 3z (o™ RS, —2RS')
1 .

. N
U 1N 1y, | L1 ,
(= w) St L G — ) S
' i 1
3.7

If in addition, m, =m; = M,, that is, there is no sub-sampling
at the second stage also:

>, 1IN, 11 o
V(Yg) = (; — N) Se'? + (?1 — ’7) (S, %+ R2S,, "2 —2RS",,.).

(3.8
Let

H}Z

wa-y - N Z Sr.rw
— | N
Sw:cy = W Z Z S‘ij.zy:‘ l"t NM Z >_\ S ijus ,
1 1 T
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o ] A P 9 b B 9 d

Set = sz )1 )2 St Sut = Sy FHRIS,IRS,,,
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Ses = S,2 + R2§ ® _2RS,
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Swe® = 8,2+ R Sw, — 2RS“,“,
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If further it is assumed that w; =1, V=1, my=m, m/ = m’,

Py =p, pii' =p' and finite correction factors can be ignored, formule :
3.6, 3,7 and 3.8 reduce respectively to 5

v @) = (5 — ) s+

nm n'm’

Ly

+ (_]_-“ - _/“lr—l) quz —'_ Sby + wy V+ A,S’w”,z,

1
|
wm'p 4

nmp  n'm'p
(3.9 ;
.
- _ S
(3.10)
I I\q ., Su? . '
V(YR)—(;,—;)SM + o (.1

Formulz (3.10) and (3 11) agree wnh those given by Hora2 and
Cochran.1

4. ESTIMATION OF THE VARIANCE

- Let
'1 Topy "~ ' . '
Sttay = ‘_—_—] Z (sz.- — Xmm;)) (¥ip — Ympm)
1 : °
1 mq
’ v v v v .
$izy = ,—n_ 1 Vi Xiimip — X mp (i) VY 5ip—Yithip i)
i
1
, -
S pay = — 2 (ll X’I(mi) (1’11) n) (u Y‘ (mi)(pgj) — Yn)

@.1)

with $%;,, %, 3% Siu'% Seo % Sp,’2 defined similarly.
Then it can be easily shown that

Esiyy = S ijzy

Es'y = S M Z u® P—ﬁ P‘)SU:M -
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ES bry bzy N Z u; z ( ) S’mu
Z miM Z‘ (Pu ;;) o

It follows that unbiased estimates of S,-,-,y, Sy and Sy, are
given by: ’ B

Est Sii.y = Sijny ' E : (4.2)

1
iy |ry - Z ij. (p_“ - ”) Sijup (4‘3)
) \ o
Est S bry — = bay Z (E — a7} S i

IﬁM ZJ V1I (E; P )SU.W (44)

Estimates for S2,,, SZ%j. Si'% $,'% Su.'? and S,,,,2 can be obtamed
n a 31m1]ar manner. Also, ignoring blas

Est S';

Est R = =" = R, @.5)

Using these estimates, it follows on siinpliﬁcation that

Est V(YR) = (l - 'l‘) (Sw + Ry, % — 2Rsslbn)
'+l " u.'2(1 —l)(s.'u-'st 'z—mf)'
n.n 7 i mi nli' iy s Vg Y1 ‘"_
. 1 : N »
LIy e LYyl 1Y a
+(n’ ‘Xr) ST AN L (m M) S
1

n .

R S R R
U\ — — 7-) Siy

nn m; m;
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s E By
TN my M Vi Pis E) iy
"li

u;2 ,
o Zm m;’ Z i (;,_” T P ) Sy (4.6)

If alt the M's are equal to M say and P,; equal to P and m;, = m,
m/ =m', p,=p and p,’ =p’, then it can be shown that

2 E =S,
u'.ry nnl UJJII woy

£s? gl T iz
Es? Wy Z Siay ‘Swzx/ p Swwv

By = S+ e & 5 S
It follows that

Est S:—w.w_ = szy - . (4.7)

ESt E:r.ry — Sw;ry —_ “&’_ﬂ’ (4. 8)
» .
Swe

Est beu = Spay — —nf . (4.9)

Writing

S3e2 = 53,2 + R2s1,% — 2R.sy,,

3.”12 = an:y + R 2swr 2Rs§wx1/

§ = §|au2 + R8 J'w,, - 2Ra§ww

and ignoring finite correction factors, we find that the estimate of the
variance given in (3.9) is given by:

=, 11 1 /1
Est V(YR)=<;;—7{')S”"2+?(% )

+ "‘{_1(]— - '1—/:> qug + Sb—l:
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5. EFFICIENCY

~ When no informatjon is available concerning the auxiliary variable,
the appropriate estimate for the population mean is ¥, and its variance
is given by

1V o2 W o
- O 2 2
nN miM.Z Yy (p., P1,> o 5.1
1 1
— &yj + §wu2 _ §l("l/2
n mn mnp

if m, = m, py = p, M; = M and P, = P and finite correction factors can
be ignored.

Hence, double sampling will be more efficient than simple random
sampling if

V)< V(E,)

ie, if
(l -~ L) (R?S,,® — 2RSy)
non be Y
nm n’m e way
2 2 7
T (nmp n'mp )(R Sz 2RSwzu) <0. (5.2)
If
_ Sbar:ll__, f) _— Eumy Ew —_ —Sww



138 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

Then V(Yy) is less than. ¥ (¥,) if.

n

101G, . 1 Ty
pb>2‘ciy: Pw>§‘ :pw>§"

*

L,

0

wy

o

0,

In particular, if Cre = Cyys 5,m=C,,,U and C,m=a,,,, the
e_slimate Yy based on double sampling will be more efficient than
Y, if pp>% Pp>3 and 5,> 3.

6. NUMERICAL ILLUSTRATION

The results obtained abeve will now be illustrated with reference
to the data collected from the crop-cutting experiments on paddy carried
out in the Mansura District of Egypt during ‘the year 1955, The design
adopted for the survey was that 'of multi-stage stratified sampling with
villages constituting the primary units of sampling and fields as the
secondary units of sampling. The data relate to weight in kilograms
of grain and straw together and grain alone. If X denotes the weight
of grain and straw together and ¥ the weight of grain alone, then from
the -analysis of the data, we obtain:

Analysis of variance

Source D.F. M.S. (»® M.S. (¥x) M.S. (x®»

Between villages 11 65-91 141-68 418-50
Within villages .. 12 ' - 8-21 28-12 15326 |

‘Hence Est S,e2=153-26,  EstS,,>=8:21, " Est S, = 2812,
Est S;.2 = 132.62, Est S,,% = 28.85, Est S, = 56.78 and R, = :2979.
We will now consider different schemes of sampling
I » =48 m =1
n=12 m=1
II n=24 m =2

n =12 ~m=_1
ML =16 m =3
n =12 m=1‘
IV =12 m’;4'
n =12 m=1

i
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Then using the above data, we have V(TR =151, V(¥
=197, V(T3 =243 and V(¥y),=2:89. Also V(¥,,) for
n=12, m=1,. w1thout the use of .auxiliary variable is 3-09. There-
fore the gain in efficiency under the first scheme is ]04/ ‘while
that under the second and third schemes is 57% and 27% respectively.
The gain in efficiency under the fourth scheme is only 7%

These comparisons are of considerable value. What is of interest
however is to know whether the reduction in variance would be worth
the extra expenditure on the additional sample required to observe
the auxiliary variable. Clearly, we should choose that procedure which
for a fixed cost, say C,, minimizes the variance of the estlmate Let

¢; = cost of visiting a primary umt

¢s = cost per experlment of harvestmg the crop and observmg
x, the yield of (gram—Lstraw) ’

: c; = cost per experiment of winnowing and thrashing the pro-

duce. o ' L

" If we consider the second or third scheme of doub]e samphng,
the total cost C, can be expressed as L

Co =y’ + e'm’ + cgpm - (6.1

We will now determine the optimum values of ', n, m' and m

such that for a fixed cost C,, V(YR) is minimum. We therefore con-
sider the function N

V(YR) + A’ + con'm’ + csnm) o (6.2)
where V(¥ is given by (3.10). Then diﬂ'ercntiéting w.rt. o, n, m'

and m, we find after some simplification that the opt]mum va]ues of
n', n, m' and m are ‘given by :

v = ‘ _BC, -
\/Cl[B\/Cl+W\/cz+ wa'\/ca]
Wale, _ ’ .
o nl—Bch, m—l -'_(6..3)>
and -
n o= lgwacol' e

Ves [Bye + Wl + Spav/ea] - - on L
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with

B*=S,2— 5, and W?=3,2—3, 2

wa

whence substituting, the optimum variance is given by

S

wae

_ 1 — 2
VY= a) [B Ver+ Wa/eg + Seq vVies + %g_ \/Cs:|

X (BVer+ WA/ey + Spq /). (6.4)

-In the case of simple two-stage sampling design without the use
of auxiliary variable, the appropriate cost function- to be considered is
Co = cn -+ (¢ + c3) mn (6.5)

We will therefore determine the optimum values of m andn so
that V' (¥,,) is minimum for fixed cost C, with

SWJI 2

- S, 2
V(¥ om) =_}:L + mn '

(6.6)
Considering the function
V(¥ m) + Alen + conm + cgmn) 6.7)

and differentiating w.r.t. n and m, we find that the optimum values of n
and m are given by

n = SbyCO §
Ve [vVe Sy + Ve + ¢ 'STwy]
m = §wy \/cl (6 8)
Suw A/ ¢+ ¢y '
and that the optimum varjance is given by
_ 1 =
V(Ynm) = 60 ['\/Cl Sby -+ '\/6‘2 + C3 Slry]." (69)

Substituting for $,,2, S.,,% B2 W2 S, and S, the estimates derived
from the analysis of variance, a comparison was made of the two
systems of sampling for cgfc, = 1 and different values of c¢;/c,. These
results are given below.

cyfcs . 9 16 25 36
% Gain in efficiency 6 11 14 16
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If we consider the fourth scheme of double sampling, the total
cost C, can be expressed as
Cy = i + conm’ 4 cgnm , (6.10)

Proceeding as before, we find that the optimum values of n, m
and m are given by

n = Sy C, '
Ve (Ve Sy + Ve W+ /¢y qu]
r W'\/CL
m = Sby \/02
~and .
_ 3;wq Ve

and that the optimum variance is given by

V(YRI) — ['\/CI Sby + '\/céoW _[_ '\/CS ‘S’wc{]2 .

(6.12)

Then the relative efficiency of double sampling over simple two
stage sampling is given by

[ 2
RE = |: \/Cl Sby + \/Cz + Cs Swy—_] . | (613)
Vey Sy + Ve WAt Ve Seg

Under this set-up it can be shown that double sampling will be
more efficient than simple two-stage sampling, if

> (6.14)

If we consider the first scheme of double sampling, the total cost
Cy can be expressed as

Co =o' + cof'm + cgnm ' (6.15)
" Under this set-up, it is not possible to obtain explicitly the opti-
mum values of #', -m and n and hence the optimum variance.
7. STRATIFIED SAMPLING

The extension of the theory to stratified sampling is straightfor-
ward. For simplicity we will consider the simple case when each
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primary unit contains the same number of secondary units and each
secondary unit contains the same number of tertiary units. We will
also use the same notation that was employed for the unstratified case
except that an additional subscript ¢ will be introduced to denote the
stratum. Two .procedures are usually followed:

(i) Separate ratio estimate.—-A separate estimate is made for each
stratum. Then the estimate of the™ population mean over-all strata

is given by
- K
Y'= 2 ATy 7.1
1 - .
: ) K
where A, = (N,/N) and K is the number of strata and 3 A, =1:
1
Then ignoring finite correction factors, it can be shown that
EYR = Z A Yt [1 + (" - “) (C ths Ptb4ctb,tctby)

1

nam, - nt mt ) (C twx th thx Clwy)

1
+ (n‘n1tpt - n'my p, ) (C two Pm th thll) (7 2)

To obtain an idea of how the bias diminishes with ‘the samp]e
size, assume that
n' = gy, my = aginy, p, = agp,
where a;, a, and a; are constants greater than unity and

oo .

_n _m =P ST~
nz_Xv’ n’lt—‘K: pt_1—< . L

where o -

Zm=n, Xmy=m and Zp,=p. .

. Further assume that the quantities C,,, -Ceyi prys C,m, CW,
Pios Crues C,,W and pr, are each of the same order from stratum fo

stratum, say Cya, Cyyy pis Cros Cos P 'Cw,, C,,, y and p, respectively,
Then it will be seen that the relative bias in the estimate tends to .zero
provided the sample size thhln each stratum is suﬁ”lmently ]a1 ge. .

L
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Also, to a first approximation
- K —_— _ _
V(YR,) = 2 /\tz [V(Ym) + th [V(XM) - V(Xn't)]
1 . :

—2R,[Cov (Y,, X,)—Cov(¥y, X1 (1.3)

This formula is based on the assumption that the sample size in
each stratum-is sufficiently large. This may not always be true. " We
therefore consider the second procedure. o

(ii) Combined estimate.—The estimate in this case is

A,

e

- n
s
YRo -

K — . .
DR _ 7.4
o e

= M| M

\E,

Under the assumptions made earlier and assuming in addition n, ~ N,,
it can be shown that the relative bias in the estimate equals -

1 I PR
: "1(1 _,‘1—1) (qbzz ~ 5 Coo pr)

1 _ L= =
-+ _K— (l o ﬁ) (Cra® — Py Cuo Cuy)

nm [£51L7)

K2 1 = 2 - = =
+ 1;1_1;) (1 - ‘11‘7«2‘13) (Cw:p — Pew Cwa: C'wy)'

, Tt follows that even when the size of the sample within each stratum
is small, a combined estimate can give a satisfactory estimate of the
population mean provided the total sample n is sufficiently large.

To a first approximation, it can be shown that
- Jie - - -
V(Y}-hy,) = 2 Atz{V(Ynt) + R* [V(Xnt_) - V(Xn';)]
1
—2R[Cov(¥,, X.,)—Cov(Fy, XDl (1.6)
Then it follows that
V(e — V(FR)

NV (R,) — V(ED(R — R

HMN

+ 2 (-R - Rt) [Rl {V(Xm) - V()?n't)}
—{Cov (X,, ¥,) — Cov (X, ¥ )
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It will be seen that the difference depends upon the magnitude of the
variation between the strata ratios and the value of

R [V(X,) — V(&ZN] = [Cov(K,, ¥,) — Cov(X,, ¥, )l

The latter expression however represents the relative bias of the
estimated population mean within each stratum which will generally
be small. It follows therefore that the combined estimate will have
a lower precision than that based on separate strata. On the other
hand, the bias in the former estimate will be smaller than in the latter.
Unless therefore the population ratios in the different strata vary con-
siderably, the use of a combined estimate may provide an estimate
which has a negligible bias and whose precision is almost as high as
that of the estimate based on separate strata.

The results given in this paper have also been extended to the case
when the selection probabilities are unequal. Tt is proposed to-give
these results in another paper.

8. SuMMARY

For estimating the population total of a character y under study
by means of ratio method of estimation, it is usually assumed that the
population total of the ancillary character x is known. When this
is not so, the usual.practice known as double sampling is to take a
large sample for estimating the population total of x and a sub-sample
of this sample is used to observe both the characters. Cochran gives
the appropriate formule in this case for single stage designs. This
paper extends these results to multistage designs. The results are
illustrated with reference to a sample survey on paddy. '
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